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CnI . Abstract 

^ I In this article, local limit theorems for sequences of simple random walks on 



graphs are established. The results formulated are motivated by a variety of random 



■ graph models, and explanations are provided as to how they apply to supercritical 

" percolation clusters, graph trees converging to the continuum random tree and the 

homogenisation problem for nested fractals. A subsequential local limit theorem for 
the simple random walks on generalised Sierpinski carpet graphs is also presented. 

cd" 1 Introduction 



The classical local limit theorem (see [IB], Section XV.5, for example) describes how the 
transition probabilities of the discrete time simple random walk on Z can be rescaled to 
yield the Gaussian transition densities of Brownian motion on M. Analogous statements 
Q\ '. have been proved in many other settings, including the recent result of [10] , which demon- 

strates that the transition probabilities of the discrete time simple random walk on the 
random environment generated by supercritical bond-percolation on Z"^ can be rescaled 
to a Gaussian limit (for almost-every environment). In this article, by generalising the 
CN ■ argument of [lO] , we deduce that the corresponding limit result holds for any sequence 

of simple random walks on graphs whose laws can be rescaled appropriately and which 
satisfies a tightness assumption on its transition densities. 
^ I Let us start by describing the framework of this article. We assume that there exists 

■ an underlying metric space {E, (Ie) and suppose F is a subset of E such that FCiBEix, r) 

is compact for every x & E and r > (where BE{x,r) is the closed ball in {E,dE) with 
centre x and radius r). We also presume that the following are defined: p, a distinguished 
element of F; u, a Radon measure with full support on the metric space {F,dE), where 
dF '■= c^eIfxf; and {qt{x))x:eF,t>o, a family of densities so that, for each t > 0, is a 
Borel measurable non-negative function on F which integrates to 1 with respect to u. 
Moreover, we suppose that (q't(x)) is a jointly continuous function of (t,x). Typically in 
examples we have a conservative zz-symmetric Markov diffusion X with transition density 
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y))x,yeF,t>o, and in this case we take qt{x) — Pt{p, x). The entities introduced above 
will represent the limits of sequences of corresponding objects defined from sequences of 
graphs. Note that our assumptions imply that F is a closed, and therefore measurable, 
subset of E, therefore the measure u can be extended to a Borel measure on {E, d^)- 

We continue by introducing some general notation for random walks on graphs. First, 
fix G = {V{G), E{G)) to be a locally finite connected graph with at least two vertices, 
where V(G) denotes the vertex set and E{G) the edge set of G. For x,y E V{G), we 
write the number of edges in the shortest path from a; to y in G as ddx, y), so that do is 
a metric on V{G). Define a symmetric weight function n'^ : V{G)^ M+ that satisfies 
A^xy > if and only if {x,y} e E{G). The discrete time simple random walk on the 
weighted graph G is then the Markov chain ((X^)^>o, P^, x e V{G)) with transition 
probabilities {PG{x,y))x,yev{G) defined by PcAx,y) := fJ-^/fJ-^, where /j,^ := Y.yeV{G) l^xy 
If we define a measure z/^ on V{G) by setting, for A C V{G), z/^(A) := J2xeA^^xJ then 
u'-^ is invariant for X^, and the transition density of X'^, with respect to v'-', is given by 

{Pmix,y))x,yeViG),m>0, whcrC 

G _ Pg(X^ = y) 

Due to parity concerns for bipartite graphs, to obtain a smooth limiting result, rather 
than the transition density itself, we will consider {q^{x,y))x,yev{G),m>Q defined by 

and also define q^ix) := q^{p{G),x), where p{G) is a distinguished element of V{G). 

For our main local limit theorem, we suppose that a sequence of graphs (G")„>i have 
been embedded into E so that the various sequences of objects described in the previous 
paragraph approximate dE, F, v and the laws associated with g^, t > 0, in the way we 
now describe precisely. For brevity, throughout this article we write i^*^" , X*^" , g*^" , . . . as 
I/", X", g", . . . respectively. 

Assumption 1. Lei (G")„>i he a sequence of locally finite connected graphs that satisfy 
> 2, C E and p(G") = p for every n > 1. Fix three non-negative 

divergent sequences {a{n))n>i, (/3(n))n>i, and {'y{n))n>i, and suppose that: 

(a) there exists a constant Ci > such that, for n > 1, 

dGn{x,y) > c,a{n)dE{x,y), Vx,|/ G V{G''). (2) 

Furthermore, there exists a non-negative sequence {a{n))n>i, such that a{n) = 
o{a{n)) as n —7> oo and also, for each r > 0, there exists a finite constant C2 and an 
integer uq such that 

dGn{x,y) < C2a{n)dE{x,y) + a{n), Vx,y e n BE{p,r), 

for n > no, where Be{p, r) is the open ball in {E, dE) with centre p and radius r. 



2 



(b) for each r > 0, 

lim sup dE{x,V{G'')) = 0, 

where Bp{p,r) is the open hall in {F,dp) with centre p and radius r. 

(c) for every x G -F and r > 0, 

lim /3(n)-V"(5i5(x,r)) = v{BE{x,r)). 

n—^oo 

(d) for any compact interval I C (0, oo), x G F and r > 0, 

lim Pf (X[;(„),j G 5^(x,r)) = / qt{y>{dy) 
uniformly for t & I . 



In addition to these approximation conditions, we will apply the following tightness 
condition for the transition densities of the simple random walks on the graphs (G'")„>i. 
In the case when V{G") C F for every n, we will show that (given Assumption 1) this 
condition is actually necessary for a local limit theorem of the type we prove to hold. 

Assumption 2. In the setting of Assumption^ suppose that, for any compact interval 
I C (0, oo) and r > 0, 

lim Hm sup sup sup | (x) - g|!y(„)ij (y) | = 0, 

d-5>U n~^oo x,yGBQn(p,a{n)r): tel 
dQ-n (x,y)<a(n)5 

where BG"{p,r) is the open ball in {V{G"'),dGn) with centre p and radius r. 

Finally, before we state our first main result, observe that if Assumption [T] holds, 
then for r > 0, n > 1, we can bound the graph distance dG"{x,y) above by a constant 
(depending on n) uniformly over x,y E V^(G'") fl BE{p,r). Hence, because is by 
definition a locally finite graph, there can only be a finite number of points in the set 
V{G"') n BE{p,r), and consequently the same is true for any set of the form V{G"') fl 
BE{x,r). In particular, this implies that for every x G -E, we can choose (not necessarily 
uniquely) a point gn{x) G V{G"') that minimises the distance dE{x,y) over y G V{G"'). 

Theorem 1. Fix a compact interval I C (0, oo) and r > 0. Suppose Assumptions\J\ and 
\E hold, then 

lim sup sup|/3(n)g[' - u|(^„(x))-gt(x)| =0. (3) 

xeBp{p,r) t€l 

Conversely, when V{G^) C F for every n, if Assumption 1 is satisfied and ^ holds for 
every compact interval I C (0, oo) and r > 0, then Assumption 2 holds. 

To allow us to extend ^ to hold uniformly over unbounded time intervals and non- 
compact spaces F, we need to impose some extra conditions which guarantee the decay 
in time and space of the discrete and continuous transition densities. 
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Assumption 3. The metric space {F^dp) has the midpoint property, i.e. for every 
x,y E F, there exists z E F such that dp{x,z) = ^dF{x,y) = dp^z^y). Furthermore, the 
following conditions are fulfilled. 

(a) The transition density of X satisfies 

lim supgi(x) = 0, lim sup supg((x) = 0, 

for any compact interval I C (0, oo). 
(h) In the setting of Assumption^ 

limlimsup sup j3{n)qVr^)^,{x)=0, 

t^oo „_^oo xGV{G") 

and, for any compact interval I C (0, oo), 

limlimsup sup sup f3{n)q?,^^,{x) = 0. 

r^oo n^oo x(^V{G^)\BGu{p,a{n)7-) tel 

If this extra assumption is satisfied, then we are able to prove the following. 
Theorem 2. Fix Ti > 0. Suppose AssumptionsUll^ andl^ hold, then 

lim sup sup |/3(n)gr (gnix)) - qtix)\ =0. 

"■^°°xeFt>Ti 

The main motivation for proving results such as Theorems [1] and [2] is to provide 
conditions under which a weak convergence result, such as that appearing in Assumption 
dl^d), implies a local limit theorem. Obviously, the usefulness of such results depends on 
the applicability of the assumptions that have been made, and so, after completing the 
proofs of Theorems [1] and [2] in Section [2|, we provide two alternative sufficient conditions 
for Assumption [21 The first of these, see Assumption H] in Section [3l involves the parabolic 
Harnack inequality, which is also known to imply various other analytic conditions for 
random walks on graphs (see p6j for a summary of results in this area). The second, see 
Assumption [S] in Section HJ relies on being able to bound the resistance metric on graphs 
in the sequence ((?")«>! using the shortest path metric, and, as we shall see in Section [71 
is applicable to graph trees and nested fractal graphs. 

In Section[5l a short investigation into the asymptotics of {qm{x,y)):i:^y^viG),m>o, when 
considered as a function of two spatial coordinates, is presented. In particular, we give 
sufficient conditions for the uniform convergence of 

{P{n)qi^(n)t\ {9n{x),gn{y)))x,y&F,t>0 

to the transition density of a Markov process {pt{x, y))x,yeF,t>o (at least in bounded space- 
time regions). This is followed, in Section [6l by a demonstration of how the analytic 
results that we prove can be adapted to the case when the weights of the graphs (G'")n>i 
are random and we only have probabilistic versions of Assumptions 1, 2 and 3 instead 
of almost-sure versions. We conclude our article with a collection of examples to which 



4 



our results apply, including random graphs on the integer lattice, graph trees converging 
to the continuum random tree, nested fractal graphs and generalised Sierpinski carpet 
graphs. 

Finally, define the continuous time simple random walk on a graph G to be the 
continuous time Markov process {{Y^)t>Q,P'^ ,x G V{G)) with generator Cq, as defined 
below at (|TOi) . The transition density of F*^, with respect to its invariant measure z/*^, is 
given by 

and we write q^{x) := pf{p,x). Under the continuous time analogues of Assumptions 1, 
2 and 3, it is possible to obtain continuous time versions of Theorems [1] and [2] that apply 
to the continuous time simple random walks on the graphs (G")n>i- However, since they 
can be proved using identical arguments, we omit them. See Examples 17.31 17.41 and 17.51 
for results which illustrate the more general continuous time local limit theorems. 



2 Proof of local limit theorems 

The aim of this section is to prove Theorems [1] and [2l We start by generalising slightly 
Assumption [U^d) . 

Lemma 3. Suppose AssumptionU^d) holds, then, for any compact interval I C (0,oo), 
X E F and r > 0, 

hm Pf (X[;(„),j+, G Be{x, r)) = / qt{y)v{dy) 
uniformly for t E I , i E {0, 1}. 

Proof. The proof is elementary, and requires the application of only Assumption [T]^d), 
the joint continuity of {qt{x)) in (t, x) and the fact that Fni?£;(x,r) is compact. □ □ 

We now prove a point-wise version of a local limit theorem. 

Proposition 4. Fix a compact interval I C (0, oo) and suppose Assumptions [I] and 
hold, then, for every x E F, 




Proof. Fix X E F, e > and set r = dsip, x). Let c be a finite constant and no an integer 
such that dG,i{y,z) < ca{n)dE{y, z) + a{n) for every y,z E V^(G") fl Be^P^t + 1) and 
n > no] the existence of such constants is guaranteed by Assumption [T](a). Furthermore, 
by the tightness condition of Assumption O and the supposition that {qtiy)) is jointly 
continuous in (t,?/), we can choose tq E (0, 1) small enough and an integer ni > uq so 
that 

sup sup/3(n) (y) - gf^(„)tj {z)\ < e, (4) 

y,zeBG7i{p,ca{n){r+2)): t&I 
dQn {y,z)<3ca{n)ro 
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for n > rii, and also 

sup snp\qt{y) - qt{z)\ < e. (5) 

y,z£Bp(p,r+l): t£l 
dF{y,z)<ro 

For this choice of tq, we consider the quantity 

Jit, n) := \ {Pf (Xf^(„),j G Be{x, r,)) + Pf G ro)) } 

J Bp{x,ro) 

which can be written as J{t, n) = Ji(t, n) + 72(^5 n) + J^{t, n) + J4(t, ra), where 

Ji(t,n) := ^ fe(„)ij(y) -gw„)tj(^n(a;))) //"({?/}), 

?/ey(G")nBE(x,ro) 

J2(t,n) := /3H-V"(i?^(x,ro)) (/3(n)gf,(„),j - , 

J3(t, n) ■= qt{x) {P{nY\'^{BE{x, ro)) - v{Be{x, ro))) , 

J4(t,ra) := / {qt{x) - qt{y))v{dy). 

J Bp{x,ro) 

Now, by (E]), we immediately have supjgj \ J4,{t,n)\ < ez/(i?£;(a;, ro)). Furthermore, by 
applying Assumption [T]^c) and Lemma [3l it is possible to deduce that there exists an 
integer 722 > ni such that sup^gj | J3(t, n)|, sup^gj |J(t,n)| < £:z/(i?£;(a;, ro)) for n > n2. To 
bound Ji(t, n) in a similar fashion, first note that Assumption [T]^b) implies dE{gn{x),x) — )■ 
as n — ?► 00. In particular, it follows that there exists an integer > n2 such that 
gn{,x) G Be{x, ro) for n > n^. Thus, for n > n^, 

sup|Ji(t,n)| < sup supjgf („)ij(y)-gf („)ij(z)|z/"(5s(x,ro)). (6) 

te/ 2^,2ey(G")nBB(2:,ro) tei 

Recall from Assumption [T](a) that a{n) = o{a{n)), and therefore we can choose an integer 
> such that a{n) < ca{n)rQ. Consequently, for 2; G ViC^) fl BE{x,ro), we have 
that y,z E Bg^z{p, ca{n)(r + 2)) and also dc^i^y, z) < 3cQ;(ri)ro whenever n > n^. Hence, 

by©, 

sup|Ji(t,n)| < e/3(n)~V"(5i5(x,ro)) 

for n > n^. To bound the right-hand side of this expression, note that Assumption 
[U^c) allows us to choose > such that |/3(r;,)~-^z/"(_B£;(a;, ro)) — ro))| < 

ro))/2 for n > n^. Thus sup^gj \ Ji{t,n)\ < 2ez/(i?£;(x, ro)) for n > n^. Piecing all 
these bounds together yields, for n > n^, sup^gj \ J2{t,n)\ < 5ez/(i?£;(x, ro)). Finally, note 
that the left-hand side of this expression is bounded below by 

sup |/3(n)g"^(„)4j (^„(x)) - qt{x)\ u{BE{x,ro))/2 

whenever n > n^. The result follows. □ □ 

This result is readily extended to hold uniformly over bounded balls in F, thereby 
establishing Theorem [1] 
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Proof of Theorem [II Suppose Assumptions 1 and 2 hold. Fix r,e > and choose c, tq 
and ni as in the proof of the previous proposition. By assumption, Bf{p, r) is compact, 
hence there exists a finite collection X C Bf{Pit) such that {Bp{x,rQ))x^x is an open 
cover for Bp{p,r). Since X is finite, applying Proposition H] allows it to be deduced that 
there exists an integer 77-2 > ni such that 

sup sup \/3{n)q?r.^,{gn{x)) - qt{x)\ < e, (7) 

for n > 712- Now, suppose x G Bp{p,r), then x G Bp{y{x),rQ) for some y(a;) G A", and 
we can write 

sup |/3(n)g|!^(„)tj(^„(a;)) - gt(a;)| < sup/3(n) (c/„(a;)) - | 

+ sup |/3(?^)gf^(n)tj i9n{y{x))) - qt{y{x))\ 

tei 

+ sup \qtiyix)) - . 
te/ 

Since x,y{x) G Bpi^p^r + 1) and dp^x^y^x)) < vq, the inequality at ([S]) implies that 
the final term here is bounded above by e uniformly over x G Bp{p,r). It follows from 
d?]) that the second term is also bounded above by e uniformly over x G Bp{p,r) for 
n > n2. To deal with the first term, we start by choosing an integer > n2 such 
that a{n) < ca{n)rQ and dp{x, gn{x)) < tq for every x G Bp{p,r) and n > (this is 
possible by Assumptions [U^a) and[T]^b)). For n > n^, we therefore have gn{x), gn{y{x)) G 
V{G"') n Bp{p,r + 1), and consequently, as in the proof of the previous proposition, 
gn{x),gn{y{x)) G BG^{p,ca{n){r + 2)) and also dc^ignix), gn{yix))) < 3ca{n)ro whenever 
n > n^. Thus we can apply the inequality at (j4]) to deduce that the first term in the 
above upper bound is also bounded by e uniformly over x G Bp{p,r), and the proof of 
(|3]) is complete. 

Let us now assume that V^(G'") C F, Assumption 1 is satisfied and (E]) holds for every 
compact interval I C (0, 00) and r > 0. Setting ci to be the constant of it is clear 
that 

sup sup /3{n) (x) - (y) \ 

x,yGBQn{p,a{n)r): tGl 
cLq-ti {x,y)<a{n)5 

< 2 sup sup |/3(n)g[!^(„)^j(^„(a;)) - gt(a;)| 
+ sup sup \qt{x) - qt{y)\ 

x,yeBF{p,c^^r): 
dF{x,y)<c:[^5 

Assumption 2 is readily deduced from this bound by applying the limit at ([3]) and the 
joint continuity of {qt{x))xeF,t>o- □ □ 

To complete this section, we demonstrate how Assumption [3] allows this result to 
be extended to unbounded regions of time and space. However, we first prove a simple 
lemma relating the (iiT'-distance of a point x from p in F to the dc^-distance of the point 
gn{x) from p in whenever the midpoint property is satisfied by (F, dp). 
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Lemma 5. Suppose AssumptionUl holds, let c = ci/2, where ci is the constant of the 
bound at and assume that (F, dp) satisfies the midpoint property. Ifr>0, then there 
exists an integer uq such that 

inf dGr^{p,gn{x)) > ca{n)r, 

x£F\Bp{p,r) 

for every n > uq. 

Proof. Fix r > 0. We first observe that the midpoint property of [F^dp) and the as- 
sumption that sets of the form BF{x,r), x & F, r > 0, are compact imply that for 
each x,y G F there exists a (not necessarily unique) geodesic path (7(t))o<t<i in F 
such that 7(0) = X, 7(1) = y and dp{'y{s),'y(t)) = \t — s\dF{x,y) for < s < t < 1. 
Hence, for every x G F\Bp{p,r), there exists a y{x) such that dp{p,y{x)) = 3r/4 and 
dF{y{x),x) = dp^p^x) — 3r/4. Consequently, we have that 

dpip, y{x)) + dp{y{x),x) = dp{p, x) < dp{p, gn{x)) + dp{gn{y{x)),y{x)) + dp{y{x),x) 

where we have applied the definition of gn{x) as the closest point in V"(G") to x. Canceling 
dp{y{x),x) from each side yields 3r/4 < dp{p,gn{x)) + dp{gn{y{x)),y{x)). 
By Assumption [T](b), we can choose an integer uq such that 

sup dp{y,gniy)) <r/A, 

y&Bp{p,r) 

for n > Uq. Thus we can conclude from the previous paragraph that dp{p, gn{x)) > r/2, 
for every x G F\Bp{p,r) and n > uq. The result is an easy consequence of this bound 
and Assumption [U^a). □ □ 

Proof of Theorem\^ Fix Ti and e > 0. By Assumption |3l we can choose a finite time 
T2 > Ti and an integer uq such that sup2,gy((j„) /3(r;,)g"^j^^^jj (p, a;) < e, for t > T2 and 
n > Uq, and also sup^^p qt{x) < e for t > T2. Clearly, for this choice, we have 

sup sup \/3{n)q? .)^,{gn{x)) - qt{x)\ < 2e (8) 

x&Ft>T2 

for n > Hq. 

Taking / = [Ti,T2], applying Assumption E] allows it to be deduced that there exists 
a finite radius tq and integer ni > uq such that 

sup sup/3(n)g[ („)^j(x) < e, (9) 

for n > ni, and also sup^^p\Q^(^p^^^^ ^'^Ptei 1t{x) < e. Now, let c be the constant of Lemma 
[5] and define ri := ro(l + c~^). By Lemma O there exists an integer 77-2 > ni such that 
for every x G F\Bp{p,ri) we have gn{x) G V {G'^)\Bg^^{p, a{n)rQ) for n > ^2, and so we 
can apply the inequality at to deduce that 

sup sup /3(n)gr {gn{x)) < e, 

x&F\Bp(p,ri) tel 

for n > n2. Thus, because it also holds that sup^.g^\^5^(p ^.^^ sup^gj gt(a;) < e, it follows 
that 

sup sup |/3(n)gf^(„)ij {gn{x)) - qt{x)\ < 2e, 

xeF\Bp{p,ri) tGl 

for n > n2. To complete the proof, it suffices to combine this conclusion with ([H]) and the 
convergence result of Theorem [H □ □ 
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3 Parabolic Harnack inequality and tightness 

For a locally finite connected graph G define, for x E V{G), R,T > 0, 

Qg{x,R,T):= [Q,T]xBg{x,R), 

and also 

Q^(x,i?,T) := [{T,\T] X Bg{x,\R), Q%{x,R,T) := [|T,T) x Bg{x,\R). 

We describe a function u{n,x) as caloric on Qg{x, R,T) if u is defined on the set 
Qg{x, R, T) := ([0, T] n Z) X R+1), and 

^(n + 1, x) — u{n, x) = CGu{n, x), 

for every < n < T — 1 and x G Bg{x,R), where Cg is the generator of the random 
walk X'-^, which can be defined as the operator satisfying 

^Gf{x)= PG{x,y){f{y)~f{x)), (10) 

for functions / G M^*^*^). The parabolic Harnack inequality with constant Ch is then said 
to hold for Qg{x, R, T) if whenever u is non-negative and caloric on Qg{x, R, T), we have 

sup u{n,x)<CH inf u{n,x), 

{n,x)€Q'^{x,R,T) {n,x)£Q+{x,R,T) 

where u{n, x) := u{n + 1, x) + u{n, x). 

We show in this section how if we assume that the sequence of graphs (G")„>i of 
Assumption [1] satisfy the parabolic Harnack inequality with a polynomial space-time 
scaling in a suitably consistent fashion, then the tightness condition of Assumption [2] is 
immediately satisfied. The key result in proving that this is the case is provided by the 
following lemma, which demonstrates that the parabolic Harnack inequality implies the 
Holder continuity of the transition density on graphs. The proof is an adaptation of [T^ , 
Proposition 3.2, which deals with the 

Lemma 6. Fix k > 2. Let x G V{G) and suppose that the parabolic Harnack inequality 
with constant Gh holds for Qg{x, R, R'^) for R > sg{x), where sg{x) is a positive integer 
depending on x. IfT^/'^ > AR > 2sg{x), then 



sup Igrix) -qT{y)\ < c 



R V 1 



y.Bjx,n:'''^' .^(5c(x,iTV«))' 

where c and 9 are constants depending only on Gh taking values in (0, oo). 

Proof. Let x G V{G) and suppose T^^^ > 4i? > 2sg{:x). Set To := T + 1 and i?o := T^''^. 
For A; G N, define the space-time regions Q{k) := [Tq — R^^Tq] x BG{x,Rk), and 

Q^k) := [To - lRt,To - ^Rt] X Bg{x, \Rk), Q+{k) := [To - 2--RlTo) x Bg{x, \Rk), 
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where Rk := 2 ^Rq. Since k > 2, we have Tq - 2 '^R'l > Tq - \Rl. Consequently, if 
Rk > ■sg(x), then we can apply the parabolic Harnack inequality on Q{k) to deduce that 

sup q^{y)<CH^ mi q^{y). (11) 

{m,y)eQ-{k) (m,y)&Q+{k) 

As in the proof of [lOj, Proposition 3.2, it follows that we can bound Osc{q'^ ,Q+{k)) 
above by (1 — 2^)0sc(g'^, Q{k)), whenever k satisfies Rk > sg{x). Noting that Q+{k) = 
Q{k + 1), we can iterate this result to obtain that 

sup \q^{x)-q^{y)\ < f 1 - Osc(g^, Q(l)), 

where k is chosen to satisfy Rk > 2i? > Rk+i- This implies that there exist constants Ci 
and 9, which depend only on Ch, that satisfy 

sup \qTix)-lTiy)\<Ci(-^) sup qg{y). 

Thus to complete the proof it suffices to bound the final term appropriately. Again 
applying ([TT]), we have that, for me \Tq - jRI.Tq - ^Rl], 

ii?o)) sup qgiy)<CH [ ^ qT,-2-^Ri{y>''i.dy)<CH. 

The result follows. □ □ 

To apply this Holder continuity result, we make the following assumption on the graph 
sequence (G"')n>i- Note that Assumption Hl^b) is an extension of Assumption [T]^b) and 
prevents elements of V{G^) being too far from F for large n (at least in bounded spatial 
regions) . 

Assumption 4. In the setting of Assumption 1, suppose that the following statements 
are satisfied for some n > 2 and Ch < 00. 

(a) AssumptionU^a) holds. 

(b) For every r > 0, 

lim V{G'')nBE{p,r) = BF{p,r) 

n—^oo 

as n —7- 00 with respect to the usual Hausdorff topology on non-empty compact 
subsets of {E, dE). 

(c) For every x G V{G^), n > 1, there exists a positive integer sg^{x) such that the 
parabolic Harnack inequality with constant Ch holds for Qg"{x, R, R'^) for R > 
sg"{x). Moreover, suppose that there exists a dense subset F* of F such that, for 
every x G F* , a{n)~^ sg" {gn{x)) — > 0. 

(d) As n ^ 00, we have a{n)'^ = 0(7(72)). 
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The main result of this section is the following. 
Proposition 7. If Assumptions^ holds, then so does AssumptionlM 

Before we prove this result, however, we derive a lemma that describes a useful se- 
quence of covers for balls of the form Bg"{p, a{n)r). 

Lemma 8. Suppose Assumption\^ holds. For every r,6 > there exists a finite set 
X C Bp{p,r/ci) n F* , where C\ is the constant of the bound at and integer Uq such 
that {BG^{gn{x),a{n)e))xex is a cover for BG"{p,a{n)r) whenever n > uq. 

Proof. Fix r,e > and set Tq := r/ci, where Ci is the constant of the bound at ([2]). 
Choose C2 and Uq by Assumption [T]^a) so that if x,y E V{G"') fl Be{p, tq + 1) and n > Uq, 
then dG"{x,y) < C2a{n)dE{x,y) +ea{n)/4:. Furthermore, use Assumption Hl^b) to find an 
integer ni > no such that 

sup dE{x,gn{x)) < eo (12) 

xeBFip,ro+l) 

and 

sup dE{x,BF{p,ro)) < eo (13) 

xeV(G")nBE(p,ro) 

for n > Ui, where eo '■= {e/Ac2) A 1. As a final piece of information that we will need, 
note that, since Be{p,to) is compact and F* is dense in F, there exists a finite collection 
^ Bf{p, ro) nF* such that {Bf{x, eo))xex is a cover for Bf{p, tq)- By ( 1T2|) . this implies 
that {BE{gn{x), 2eo))xex is a cover for _Bi?(p, Tq) for n > Ui. 

Assume now that n > ui and let x G BGn{p,a{n)r). Observe that Assumption 
dl^a) and ffT51) imply that x G Be^P^To) and there exists a ?/ G BpiPjro) such that 
X G BE{y,eo) respectively. Thus, applying the final result of the previous paragraph, 
we have that x G BE{gn{y),3£o) for some y E X. Consequently, because x,gn{y) G 
V{G"') n Be^P^to + 1) and dE^x, gn{y)) < Seo, it follows that x G BG^^{gn{y),C({n)e). 
Since the choice of a; G Bg"{p, a{n)r) was arbitrary, the proof is complete. □ □ 

Proof of Proposition^ Fix r, £ > 0, / = [Ti, T2] C (0, 00) and suppose that ci is defined 
to be the constant of the bound at ([2]). By Assumption WA)^ there exists a constant 
C2 > and an integer uo such that [7(?t,)TiJ-^/'' > C2a{n) for n > no- Given these 
constants. Assumptions [T|^a) and IH^b) imply that we can choose tq > and an integer 
ni > no such that V{G"') fl BE{x,ro) C BG'^{gn{x), ^C2a{n)) for every x G Bf^P^t / Ci) 
and n > ui. Furthermore, applying the compactness of BF{p,r /ci), we have that C3 := 
i^fx£BF{p,r/ci) ^{Bp^x^ro)) > 0. We use these constants to define 

where c and 6 are the constants of Lemma [6] depending only on Ch- 

By LemmalHl there exists a finite set X C Bf{p, r/ci)riF* and an integer n2 > ni such 
that {BG^{gn{x), Oi{n)5))x£x is a cover for Bg"{p, a{n)r) whenever n > 77-2. Applying the 
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finiteness of X and Assumptions [T](c) andlD^c), we are also able to deduce the existence 
of an integer > n2 such that maXx(zx SG"{gn{x)) < 4a;(n)5 and also 

/3H-V"(fi^(x,ro)) > lu{BE{x,ro)), Vx G X, 

for n > n^. In particular, if n > n^, then we have 2sG"{gn{x)) < 8a{n)S < ['y(n)t\^^'^ for 
every t & I, and so we can apply Lemma [6] and our choice of constants to deduce that 

sup sup sup (3{n) |g"^(„)tj {gn{x)) - {y) \<e/2 

for every n > n^. The proposition is a straightforward consequence of this inequality. □ 

□ 

4 Resistance estimates and tightness 

As an alternative to the parabolic Harnack inequality, in this section we derive a sufficient 
condition for Assumption H] that involves an estimate of the resistance metric, which we 
now define. First, for a graph G, introduce an inner product {■,-)g on M^(^) x M^(^) 
by setting {f,g)G '■= J2xeviG) f{^)gi^)^'^i{^})- Use this and the discrete time generator 
Cg of the random walk X'^, as defined by f llOl) . to construct a Dirichlet form £g which 

satisfies := -(£g/,^7)g. The domain of is J^g := {/ G M^^^^^ : ^g(/,/) < oo}. 

For x,y E V{G), the resistance metric is defined by 

RGix,y) := sup |^M^_M^ : / G J^g, ^g(/, /) > o| . (14) 

The following is proved as [3], Proposition 4.25, see also [25] . 
Lemma 9. The function Rg is a metric on V{G). Furthermore, for f G Tg, 
{fix) - f{y)f < Rg{x, y)SG{f, /), Vx, y G V{G). 



We will use this lemma to deduce oscillation bounds for g,^. To start with, observe 
that it is elementary to show that 

^ciq^, qZ) = q2m{p) - 9L+2(p) (15) 

for every m > 0. This immediately implies that SGi^m^qm) — ?2m(p)- However, we 
will next prove a lemma demonstrating how to sharpen this bound. In the proof we use 
the notation Pg to represent the linear operator defined from the transition probabilities 
(Pg(3;, l/))x,yeV(G) of the simple random walk X"^ by 

Pg/(x)= Y1 PGix,y)fiy), 

y&V{G) 

for / G R^*^"^). Note that Pg defines the usual random walk semigroup {PG)m>o and 
satisfies Pg = Cg + Ig-, where Ig is the identity operator on M^^"-^). 
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Lemma 10. For every m>l, we have Sciq^iq^ < 2g^p^/2] (p)/"^- 

Proof. Let us start by demonstrating that (^clQ'm) Q'm))m>o is a decreasing sequence. 
Applying ( IT^ and the fact that Vm+niPi P) = iPmiPy ')jPn{Py '))g, it is possible to deduce 
that 

£Giq?n, ql) - £GiqZ+i, q?n+i) = iilG + PgWg - P^)pZip, ■), (Ig - Pl)pl{p. ■))g, 

where we also apply the self-adjointness of Pq with respect to (■, ■)g- Since Pq is stochas- 
tic, it can easily be checked that ((/g + Pg)/, f)G > for every / G ]R^'^'^\ and therefore 
£G{q^,q^) > SG{q^+i,q^+i), as desired. 

Again applying we see that E^M^G(gm,9m) = g^A/(p) - ^Sv/lp) < 92A/(p)- 
Since the summands of the left-hand side are decreasing in m, we consequently have that 
-1; 92M-i) — Q'2Af(p)) result follows from this. □ □ 

We now describe how to bound q2mip) i^ terms of the volume growth about p of the 
graph G with respect to the resistance metric. Define a function Vq '■ IR+ —J- IR+ by setting 

Voir) :=z/^({x: i?G(p, x) < r}), 

so that Voir) represents the volume of the closed ball around p of radius r with respect 
to the resistance metric. Set heir) := rVdr), and define the right-continuous inverse of 
hG by 

h(^{m) := sup{r : hdr) < m}. (16) 

The proof of the following result is a simple adaptation of Proposition 3.2. We do, 
however, continue to include the proof in order to demonstrate the universality of the 
constant in the resultant upper bound. 

Lemma 11. For every m >1, we have q2m{p) ^ ShQ^(m)/m. 

Proof. Since, for r > 0, '^^(zv{G):RG{p,x)<r^2mi^)'^'^i{^}) < there must exist an x G 
V{G) such that Rg{p,x) < r and also g^(a;) < Vcir)'^. Hence we obtain 

qLip)' < 2gL(a:)' + 2(gL(^)-?2'L(p))' 

< 2VGirr' + 2r£Giq^^,q^J 

< 2VG{r)-^+'^^^^^^, 

m 

where we have applied Lemma [9] for the second inequality and Lemma [10] for the third. 
This quadratic inequality implies that 

r , ^ r 1 /4r2 4 2r 1 

P < — + T^W — + TTT^ <— + T7TT- 
m 2 ]l VGyr) TTL Vg[i^) 

The result follows on choosing r = h'^{rn). □ □ 

Combining the three previous lemmas we obtain the following result. 
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Proposition 12. For m > 1, 



Application of the above bound relies on being able to adequately control the resis- 
tance between points in V{G) and the volume growth with respect to the resistance met- 
ric, which is not always possible. However, as we shall demonstrate in Section [TJ there 
are classes of graphs for which we can make use of this result, most notable amongst 
these are nested fractal graphs and graph trees. More specifically, in the case when the 
resistance metric -Rg" is bounded above by a power of the shortest path metric (ic" for 
graphs in the sequence (G"')„>i, the tightness condition of Assumption |2] follows directly 
from Assumptions [U^a) andlUJ^c) whenever the space, volume and time scaling factors are 
related in a way we now describe. 

Assumption 5. Suppose that, in the setting of Assumption^ {G"')n>i is a sequence of 
graphs for which Assumptions U\(a) andU\(c) hold and, for some k G (0, cxo), there exist 
constants Ci,C2,C3 G (0, oo) and an integer uq such that 

Rg^ (x, y) < cidcn (x, yx,ye ^ (G") , 

and also 

C27(^) < a{n)^(3{n) < C37H, (17) 

for n > uq. 

Under this assumption we can bound functions of the form a(n)~''/i^i(7(n)-), n> 1, 
uniformly over compact intervals. In the proof of the following result, we consider the 
function v : M+ — ?■ M+ which satisfies v{r) := v{BE{Pir)). 

Lemma 13. Suppose Assumption\^ holds. For any compact interval I C (0, 00), 

yims\x\)S\x\) a{ny'^h^{^{n)t) < 00. 

n— i>oo t£l 

Proof. Fix / = [Ti,T2] C (0, cxd). Let Ci,C2 and uq be chosen such that Cidc^^x.yY > 
Rc^ix^y) for every x,y & V{G"') and a{n)'^l3{n) > 027(72) for n > uq, which is possible 
by Assumption O Define R G (0, 00) to be a constant satisfying ciC2R'^v{R) > T2. 
By Assumption lU^a), there also exists a constant C3 > 1 and integer ni > no such 
that dG"{x,y) < C3a{n)dE{x,y) + a{n) for every x,y G V{G"') P\Be{p,R), n > ui. 
Furthermore, define n2 > ui to be an integer such that a{n) < c^a{n)R for n > n2, then 
we have that 

V{G^) n Be{p,R) C BGrM2csa{n)R) C {x e V{G^) : RgAp,x) < cMnT} , (18) 
for n > n2, where C4 := Ci(2c3i?)'^. 
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Now, by Assumption [Uj^c), there exists an 77,3 > n2 such that f3{n)~^h'"'{BE{p, R)) is 
bounded below by 2~'^v{R) for every n > n^. Consequently, applying flTSj) . we have 
that VG"{c4a{n)'^) > 2~'^P{n)v{R), for every n > n^. It immediately follows that 
hG^{cia{nY) > ciC2c'^j{n)R'^v{R) for n > n-^. Thus 

sup {ciC2cl'^{n)R^v{R)) < C4a{n)'^, 

for n > n^, which completes the proof. □ □ 

We now arrive at the first main result of this section. 

Proposition 14. If Assumptionl^ holds, then so does Assumption\^ 

Proof. Fix an interval / = [Ti,T2] C (0, 00) and r > 0. It is straightforward to obtain 
from Proposition [12] and Lemma [13] the existence of a finite constant ci and an integer 
uq such that 

sup sup/3(n)2 (x) - gf („),j (y)l' < ci s"", 

dQn {x,y)<a{n)S 

for every 6 > and n > no. Hence the inequality at f[T71) implies the proposition. □ □ 

To complete this section, let us remark that the bounds at (1171) can be interpreted in 
terms of the random walk version of the Einstein relation, which explains how the time, 
resistance and volume scaling exponents for random walks on graphs are related (see [52] 
for background). In particular, if we assume that for a graph G the resistance satisfies 
Rg ^ dQ (where x is taken to mean "bounded above and below by constant multiples 
of") and the volume satisfies z/*^(i?G(x, r)) x r'^, then it is possible to deduce that 

E^TG(p,r)xr'^+^ 

where TG{p,r) := min{m > : ^ i?G(p, r)} is the exit time of X'^ from Bg{p-,t), 
and is the expectation under (see [9], Proposition 3.4, for example). Thus, if such 
polynomial relations hold uniformly for the graphs in the sequence ((j'")„>i, then, from 
the scaling considerations of Assumption [T] one might expect to be able to conclude that 

7(n) X Ef TGn(p,a(n)) x a(n)''+^ (5{n) x v^{BG^{x,a{n))) x a(n)^ 

which would imply that 7(n) x a{nY(3{n), as required for ([T7|l to hold. 

5 Two-spatial parameter local limit theorems 

So far we have considered the asymptotics of the transition densities of the simple random 
walks on graphs in a sequence (G")n>o when the relevant processes are started from a 
fixed point p. We now provide conditions that will allow us to extend these results 
uniformly to arbitrary starting points and deduce local limit theorems for the two-spatial 
parameter functions (g^(x, ?/))s,ygy{G"),m>o, n > 1, as defined at ([1]). In this section, we 
assume that X = {{Xt)t>o, Px, x G F) is a conservative i/-symmetric Markov diffusion on 
F, with a transition density {pt{x,y))x,yeF,t>o which is jointly continuous in {t,x,y). The 
extensions of Assumptions [1] and [2] we apply are the following. 
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Assumption 1 In the setting of Assumption^ suppose that AssumptionsU^a) ,lJ^b) and 
\^c) are satisfied. Moreover, suppose that there exists a dense subset F* of F such that, 
for any compact interval I C (0, oo), x G F* , y E F , and r > 0, 



ymiVZix) m,i.n)t\ e BE{y.r)) = P^iX, E BE{y.r)) (19) 
uniformly for t E F 

Assumption 2 In the setting of Assumption\J\ suppose that, for any compact interval 
I C (0, oo) and r > 0, 

limlimsup sup sup (x, - g|!^(„)ij (x, z) | = 0. 

?i-s>oo x,y,zeBc^(p,a(n)r): tel 

We now prove our main two-spatial parameter local limit theorem, which is a variation 
of Theorem [H 

Theorem 15. Fix a compact interval I C (0, oo) and r > 0. Suppose Assumptions 1 
and 2 hold, then 

lim sup sn^\(3{n)q'^,.Jgn{x),gn{y))-pt{x,y)\={]. 



Proof. Fix a compact interval / C (0, oo). For any x E F*, y E F, we can prove that 

lim snp\/3{n)q? ,.t,{gn{x), gn{y)) -pt{x,y) \ =0 (20) 

by following a proof similar to the proof of Proposition HI To extend this result to 
hold uniformly over x,y E Bp{p,r), we can proceed as in the proof of Theorem [T] by 
first applying (120|) to deduce the result holds uniformly over a suitably chosen finite set 
X C Bf{p, r), and then using the tightness condition of Assumption 2 and the continuity 
of (pt(x, y)) to extend this to the whole of Bp{p, r). Note that in order to strengthen (!20|) 
in this way, one should choose X C Bp{p.,r) fl F*, which is possible by the denseness of 
F* in F. □ □ 

If we suppose that (F, dp) satisfies the midpoint property and the obvious extensions 
to the transition density decay conditions of Assumption E] hold, then, by following a 
proof similar to that of Theorem [21 it is possible to extend this result to demonstrate 
that /3(n)g"^(„)^j(5f„(a;),5f„(?/)) converges uniformly to pt{x,y) over {t,x,y) E [Ti,oo) x 
Bf{p, R) X F, for any Ti, R> 0. To prove uniform convergence of the transition densities 
on [Ti, oo) X F^ in general, however, seems to require some uniform control over space of 
the convergence of measures and processes of Assumption [T](c) and Assumption 1. 

We now extend Propositions [7] and [TH to show that the parabolic Harnack inequality of 
Assumption H] and the resistance estimates of Assumption [5] imply the uniform tightness 
condition of Assumption 2. 

Proposition 16. If Assumption^ holds, then Assumption 2 holds. 
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Proof. Observe that the proof of Lemma [6] only depended on (p^(p,y)) being a caloric 
function of (m, y) and the fact that Jyf^Q-^ Imiv)^'^ i^v) — 1 m > 1. Hence, because 

the same is true of {p^{x,y)) and {q^{x,y)) for any x G V{G), we are able to deduce 
that if T^/" >4:R> 2sg(?/), then 



R 



sup sup \qTix,y)-qTix,z)\<c, , , irri/nW 
x&v{G)z&BG{y,R) \Ty^J u^{BG{y,jTy^)) 

where c,9 E (0, oo) are the constants of Lemma [6] depending only on Ch- Consequently, 
if we fix r, £ > 0, a compact interval / C (0, oo), and then choose 6 > and A" C F* as 
in the proof of Proposition [TJ we obtain the existence of an integer uq such that 

sup sup sup sup/3(n)|gJl(„uj(x,^„(?/))-gr („wj(x,2;)| <e/2 

and {BGr^{gn{y) , (y{n)6))y<zx is a cover for BGn{p,a{n)r), whenever n > uq. The proposi- 
tion follows. □ □ 

Proposition 17. If Assumptionl^ holds, then Assumption 2 holds 

Proof. Generalising the notation from Section HI let VG{x,r) := z/'^({?/ : RG{x,y) < r}), 
r) := rVG^x, r), and define m) by a formula analogous to f|T6l) . Fix a compact 

interval / C (0,oo). By applying the estimate of Proposition [T2] to qmi^y') instead of 
g^(-) and the bounds of Assumption O we can deduce that there exists finite constants 
Ci and C2 and integer uq such that 

sup sup /3(n)2 H-yHti i^, y) - Q[^{n)t\ ^) r 

x,y,zSBQn{p,a{n)r): tal 

< Ci6'^ sup a{ny^h'^{x,C2'^{n)), 

x&BQn (p,a{n)r) 

for every S > and n > no. Thus to complete the proof it suffices to obtain an asymptotic 
bound for the supremum in this expression, which can be achieved by a simple extension 
of Lemma [131 CD □ 



6 Local limit theorems for random weights 



We now explain how Theorems [T] and [2] can be generalised to the case where the weight 
functions on the graphs in the sequence (G")n>i are chosen randomly from a law P^, a 
probability measure on (0, oo)^"^'^^*^*^"-'. The adaptations of Assumptions 1 and 2 that 
we will apply are the following probabilistic versions. 

Assumption IR In the setting of Assumption U\, suppose that Assumptions U^a) and 
U^b) hold. Moreover, suppose that, for every x E F , r,e > 0, 



lim {\(3iny'u"{BE{x,r)) - z/(5^,(x, r)) I > s) = 0, 

71— >00 

and, for any compact interval I C (0, oo), x G -F and r,e > 0, 



lim ( sup 



Jb 



(lt{y)v{dy) 



BE{x,r) 



> e 



0. 



(21) 



(22) 
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Assumption 2R In the setting of AssumptionUi suppose that, for any compact interval 
I C (0, oo) and r,e > 0, 



lim lim sup 



( \ 

sup sup /3(n) |gf^(„)tj (x) - ql.,(n)t\ (l/) | > ^ 

\ dGn{x,y)<a(n)5 / 



0. 



These assumptions allow us to prove tlie subsequent probabilistic local limit theorem. 

Theorem 18. Fix a compact interval I C (0, oo) and r,e > 0. Suppose Assumptions IR 
and 2R hold, then 



lim sup sup |/3(n)gr (fi'„(x)) - gt(x)| > e] =0. 



Proof. Fix a compact interval / C (0, oo), x & F, e,rj > 0, set r = dE{p,x), and choose 
c and uq as in the proof of Proposition |H By Assumption 2R, there exists an ro small 
enough and integer ni > no such that 



P 



( \ 

sup sup /3(n) (x) - {y) \> ejl 

x,yeBGn(p,ca{n)(r+2)): tGl 
\ dGJi{x,y)<3ca{n)ro / 



< V, (23) 



for every n > ni, and ([5]) holds. Consider J(t, n) and Jj(t, n), i = 1, . . . , 4 as in the proof 
of Proposition HI and note that 

(^sup I J2(t,n)| > aJ^ < P^, (^sup I J(t,n)| > ^'^ + ^ P^ (^sup \Ji{t,n)\ > e'^ , 

where e' := £:z/(i?£;(x, tq)). By ([5]), the term involving J4 is equal to 0. Furthermore, by 
Assumption IR, we can also choose n2 > ni large enough so that the terms featuring J 
and J3 are bounded above by 77 for n > 722- Note that to extend the convergence at fl2^ 
to limn_j.oo P/i (supjgj \J{t, n)| > £:) = for any £ > 0, we apply a simple adaptation of the 
argument appearing in the proof of Lemma [31 For the Ji term, we first apply the upper 
bound for Ji appearing at and then f l23|) . to deduce that 

P,. (^sup|Ji(t,n)| >e'^ <r] + F^ (/3(n)-V"(Bs(x, ro)) > 2z/(5s(x, ro))) , 

for n > n2. Thus Assumption IR implies the existence of an integer > n2 such that 
P^ (sup^gj I Ji(i:,n)| > e') < 2rj for n > n^. Consequently, for some integer > n^, we 
have that P^(suptg^ l/3(^)'?f^(„)4j (5'n(a;)) - gt(x)| > 8e) < Grj, for n > n^. 

We now explain how to generalise this point-wise result to hold uniformly over balls 
in F. Fix r,e,ri > and apply Assumption 2R to choose tq as above, so that ([5]) and 
f l23|) both hold for large n. As in the proof of Theorem [H let X C Bp{p, r) be a finite set 
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such that {BF{x,ro))xex is a cover for BF{p,r), then we can apply the first part of the 
proof to deduce that 



sup sup /3(n)g!l(„uj(^„(a;)) - qtix)\ > e] < r], 
\xex tei / 

for large enough n. The theorem follows from this by applying the continuity and tightness 
results of and f l2^ respectively, similarly to the proof of Theorem [T] □ □ 

The decay condition of Assumption 3 has the following analogous formulation. 

Assumption 3R The metric space [F^dp) has the midpoint property. Furthermore, the 
following conditions are fulfilled. 

(a) Assumption\3(a) holds. 

(b) In the setting of Assumption^ for every e > 0, 

lim limsupPu sup /3(n)gr (a;) > e] =0, 
and, for any compact interval I C (0, oo), e > 0, 

lim lim sup sup snp (3{n)q'?- ,^^Ax) > e] =0. 



n— >oo 



If this assumption is satisfied, then by decomposing time and space as in the proof of 
Theorem [2] we are able to deduce the corresponding result for random weights. Since the 
proof is a straightforward adaptation of the proof of Theorem [21 we omit it. 

Theorem 19. Fix Ti > 0. Suppose Assumptions IR, 2R and 3R hold, then, for every 
e > 0, 



lim P^ sup sup \l3{n)q? ,.^Agn{x)) - qt{x) \ > e] = 0. 

•n^^ \x€Ft>Ti I Lrv 7 J I / 



We can also extend the two-spatial parameter local limit theorems of Section O to 
random weights; see Section 17^ for such a result. 

7 Examples 

To demonstrate the applicability of our local limit theorems, in this section we present a 
range of examples for which we can check that our assumptions hold. 
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7.1 Lattice graphs 



In [To] local limit theorems were proved for an infinite subgraph Q of the integer lattice 
Z*^ fulfilling certain conditions, including a version of the parabolic Harnack inequality 
related to our Assumption H] with k = 2. It is easy to check that if we set G" := n^^^'^Q 
for a graph Q satisfying Assumption 4.4. of [TU], by which we mean that 

y (G") = n-'/'V{g), E{G-) := {{n-'I'x, n^'^y} : {a;, y} G E{Q)}, 

G" _ Q 

and define piG"") = 0, then our Assumptions [H [3] and S] hold with: {E,dE) = {F^dp) = 

{W^, I loo), where | ■ |cx) is the usual norm in W^; p = 0; u equal to Lebesgue measure 

on M'^; for some constant Ci G (0, oo), 

and 

for some constant C2 G (0, 00). Since, by Proposition O Assumption H] implies Assumption 
[21 we can apply Theorem [2] to verify the local limit theorem proved as [TU], Theorem 4.5. 
Examples of Q to which such an argument applies include: the unweighted (/i^^ = 1 for 
{x,y} G E{Q)) integer lattice Z''; typical supercritical percolation clusters; and typical 
realisations of the weighted graph generated by the random conductance model on Z*^ in 
the case when the conductances are uniformly bounded away from and 00. See [TU] for 
details. 



7.2 Graph trees converging to the continuum random tree 

To describe a scaling limit result for ordered graph trees, we will use the now well- 
established connection between trees and excursions (see |T], [29], for example). First, let 
{%i)n>2 be a collection of (rooted) ordered graph trees, where Tn has n vertices. For each 
n, define the function Wn {1, . . . , 2n — 1} — t- 7^ to be the depth-first search around Tn 
(see [2] for a definition). Extend w)„ so that ?£'„(0) = Wn{2n) = pn, where pn is the root 
of Tn- Define the search-depth process Wn by Wn{i/2n) := d-j-^{pn,Wn{i)) for < i < 2n, 
where dj-^ is the graph distance on Tn- Also, extend the definition of Wn to the whole of 
the interval [0, 1] by linear interpolation, so that w„ takes values in C([0, 1],M+). 

Now, set W := {w e C([0, 1],M+) : w{x) = ^ x G {0,1}}. For each w G 
W, construct on [0, 1] a distance by setting (i^(s,t) := w{s) + w{t) — 2mw{s,t), where 
m^(s, t) := inf {w(r) : r G [s A t, s V t]}, and an equivalence relation by supposing s ~ t 
if and only if dw{s,t) =0. If 7^ := [0, 1]/ ~ and d-j-^ds], [t]) := duj{s,t), where [s] is the 
equivalence class containing s, then it is possible to check that {Tw,dj-^) is a compact 
real tree (see [TH] for a definition of a real tree and proof of this result). The root p^ of 
the tree Tw is defined to be the equivalence class [0]. Furthermore, if I'wiA) is defined 
to be the standard one-dimensional Lebesgue measure of the set {s G [0, 1] : [s] G A} 
for Borel measurable A <ZTw, then is a Borel probability measure on (Tw, dj-^)- Since 
the support of z/^ is the whole of Tw, it is possible to apply [24], Theorem 5.4 to deduce 
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the existence of a reversible strong Markov diffusion on 7^, X"^ say, whicli has as 
its invariant measure. Moreover, by applying the argument of [.15j, Section 8, we can 
suppose that X'^ is Brownian motion on (7^, dr^, Uw), as defined in Section 5 of [IJ. 

The continuum random tree is the random compact real tree Tw that results when 
W is the Brownian excursion, normalised to have length one. If the sequence {wn)n>2 
converges to a typical realisation of W, w say, in C([0, 1], IR+), then it was shown in 
[H] that it is also possible to describe the scaling limits of the vertex sets V{Tn), the 
measures u"" := u^" and the discrete time simple random walks X" := in terms 
of the corresponding continuum objects 7^, and X^ by embedding in to a common 
metric space. In the following result, which is a minor restatement of [H], Theorem 1.1, 
the space is the Banach space of infinite sequences of real numbers equipped with the 

II II V-~^0<D I I 

norm ||x|| := z^^^i \Xi\. 

Proposition 20. There exists a set W* C C([0, 1], M+) such that W E W* almost- surely, 
and if W^^'^Wn w in C([0, l],ffi+) for some w G W* , then there exists, for each n, an 
isometric embedding (pn of {V{Tn),d%^) into and also an isometric embedding cj) of 
{Tw,dj-^) into such that: 

• (pn{Pn) = 0, for every n >2, and also (f){pw) = 0. 

• n~^/'^(f)n(y(Tn)) — > 4>{Tw) with respect to the Hausdorff topology on compact subsets 
ofl\ 

• {2n)^^ [n^ /"^ ■)) — 7- z/u,(</)~^(-)) weakly as Borel probability measures on . 



""^"^^^nf-^r 3/2+1) ) ~^ distribution in the space D(]R_|_,/^), conditional 

on Xq = pn and Xq = . 

Note that, in [T3], in place of z/", the uniform measure on the vertices of 7^, /x" 
say, was considered. However, it is easy to check that the Prohorov distance between 
(2n)"V"'((/)~^(n^/^-)) and n"V"(0n^(^^^^')) is bounded above by n^^^^, and so [S], The- 
orem 1.1 does indeed imply the above convergence result for measures. 

Whenever n~^^'^Wn —^wE W*, it is a simple consequence of Proposition [2U] to check 
that if X^ admits a transition density {pt(yX,y))x,y£Tn,,t>o which is jointly continuous in 
(t,x,y), then Assumption 1 holds with E = l^, F = (p(l~w), p = 0, z/ = z/^ o 
qt{x) = pt{p,x), = n^^/'^(j)n{Tn) and a{n) = n^/^, (3{n) = 2n, 7(n) = n^/^. However, 
by applying [T2|, Theorem 6.2 and Corollary 8.5, it is possible to assume that X"" does 
indeed admit a suitable transition density for w E W*. Furthermore, since 7^ is a graph 
tree for each n, it is a fact that the resistance metric Rj-^ is identical to the usual graph 
distance dj-^, and therefore Assumption 5 holds with k = 1. Hence the following result is 
true, where we use the notation g" := q^". 

Theorem 21. There exists a set W* C C([0, 1],M+) such that W E W* almost- surely, 
and if n'^/'^Wn —^win C([0, 1],M+) for some w E W*, then there exists, for each n, 
an isometric embedding (pn of {V (Tn) , d-j-^) into and also an isometric embedding (p of 
(Tw,djiJ into such that: in addition to the convergence results of Proposition for 
every compact interval I C (0, 00), 



lim sup sup 



2ng|;^3/2ij(^n(a;)) - Pt{pv 



0, 
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where, for x G Tw, gn{x) is a point in V{Tn) minimising the V- -distance between (f){x) and 
n~'^^'^4>n{y) over y G V{Tn)- 

We now present a topology for transition densities on graphs and metric spaces that 
allows us to state a version of this result that does not involve the underlying metric space 
E = . A particular motivation for doing this is that it allows us to deduce, in addition 
to the above quenched local limit theorem, a corresponding distributional result. 

For an interval / C [0, oo), let A^/ be the collection of triples of the form {F,pF, q^), 
where F = (F, di?) is a non-empty compact metric space, pp is a distinguished element 
of F and = {q[{x))x£F,t>o is a jointly continuous real-valued function of {t,x). We 
say two elements, {F,pp,q^) and {F', pp/,q^ ), of Aij are equivalent if there exists an 
isometry f : F ^ F' such that f^pr) = Pf' and gf o / = for every t E L Define 
Ail to be the set of equivalence classes of Aij under this relation. Note that we will 
abuse notation and identify an equivalence class in A4j with a particular element of it. 
Similarly to the distance between pairs of "spatial trees" defined in |T6], we introduce a 
distance on Aij that uses the notion of a correspondence between metric spaces, where, if 
F and F' are two compact metric spaces, a correspondence between F and F' is a subset 
C of F X F' such that for every x G F there exists at least one y E F' such that {x, y) E C 
and conversely for every y & F' there exists at least one x E F such that (x, y) e C. The 
distortion of the correspondence C is defined by dis(C) := sup{|c?i?(xi, X2) — dF'{yi,y2)\ '■ 
{xi, 2/1), (X2, y2) e C}, and we set, for (F, pp, g^), {F', pp^, q^') E Mj, 

Aj f{F,pp,q^),{F\pp,,q^')) := inf 6j{C), 

{pf,Pf')<^C 

where 5/(C) := (dis(C) -|- snp(^^ y'^^c,tei l^fi^) ~Q['{y)\)^ and <t{F, F') is the set of all 
correspondences between F and F'. 

Lemma 22. For any compact interval I C [0, 00), [Aij, A/) is a separable metric space. 

Proof. That Aj is a metric can be demonstrated by applying a straightforward adaptation 
of the proof of [12], Theorem 7.3.30, which demonstrates the analogous result for the 
Gromov-Hausdorff distance between compact metric spaces. To prove separability, first 
let J-" be the countable collection of metric spaces {F, dp) such that F is a finite set and 
dp takes values in Q, and choose a sequence {in)n>i that is dense in J. For each n > 1, 
define to be set of equivalence classes of triples of the form {F,pp,q^) such that 
F E and, for every x E F, q[ (x) takes values in Q for t E { v '■ m < n} and is a linear 
function of t between the values in {im : m < n}. It is an elementary exercise to show 
that U„>iA^" is dense in (A^/, A/). Hence, because U„>iA^/ is countable, (A^/, A/) is 
separable. □ □ 

The following result contains a distributional analogue of Theorem HT] that applies 
the above topology. Note that for a graph G, we extend the discrete time function 
{q^{x))x£V{G),m>o to continuous time by linear interpolation at each vertex. Thus we can 
view {{V (G) , da) , p{G) , {qf{x))xev{G),tei) as an element of A^/ for every finite graph G. 

Theorem 23. Fix a compact interval I C (0,oo). Suppose that {Tn)n>2 is a sequence 
of random rooted ordered graph trees whose search-depth functions {Wn)n>2 converge in 



22 



distribution to W , the Brownian excursion normalised to have length one, then 

converges in distribution to 

[iTw,dr^) ,Pw, (ptipw, a;))^.grvy,te/) 

in the space (A^/, A/). 

Proof. By the separability of C([0, 1],]R_|_), it is possible to assume that we have realisa- 
tions of {Tn)n>2 and W such that n~^/^w„ — )■ W almost-surely. It is an easy consequence 
of Theorem [2T] (and Assumption 2) that 

converges to 

in the space (A^/, A/) almost-surely, and the result follows. □ □ 

7.3 Local homogenisation for nested fractals 

We start this section by introducing unbounded nested fractal sets, which will later 
appear as scaling limits of the associated fractal graphs. Suppose (V'i)ili is a family of 
L^^-similitudes on for some L > 1, by which we mean that, for each i, ipi is a map 

from M*^ to M*^ that satisfies \ipi{x) —'ipi{y) \ = L~^\x — y\, for every x,y & W^, where | | 

is the usual Euclidean distance on M"'. We assume that the collection {tpi)'^Li satisfies the 
open set condition; this means that there exists a non-empty bounded set O C M'^ such 
that {ilJi{0))fLi are disjoint and UfL-j^ipi^O) C O. Since {ipi)fLi is a family of contraction 
maps, there exists a unique non-empty compact set K such that K = U^^i/jilK) , which 
we will suppose is connected. Write the set of fixed points of (V'i)^i as S, and define the 
collection of essential fixed points of (V'j)ili by 

Vo := {x G H : 3i,j G {1, . . . , A^}, i j and y G S such that ipii^) = 'ipiiy)} ■ 

Throughout, we assume that #Vo > 2. The compact set K is then said to be a nested 
fractal if it satisfies the following finite ramification and symmetry properties. 

• If ii .. .in and ji . . . j„ are distinct sequences in {1, ... , A^}, then 

where -^i^..^^ := ^Ji, o ■ ■ ■ o ip^^. 

• If x,y E Vq, then the reflection in the hyperplane H^y := {z eM.'^ : \z — x\ = \z — y\} 
maps Vn to itself, where 

N 

Vn:= U 
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Without loss of generality, we assume that tpi{x) = L and G Vq. The unbounded 
nested fractal which will be of interest in this section is then defined by 

F :=[j WK. 

n>Q 

Although the embedding of F into Euclidean space has been important for its construc- 
tion, it will not be particularly important in what follows. Instead, we consider an 
intrinsic geodesic metric dp on F, as defined in Section 3 of [TU] (we assume that the size 
vector introduced there is simply f=(l,. ..,!)), which satisfies the properties presented 
in the following lemma. In particular, we describe how the metric dp is related to both 
the Euclidean metric in M'^, and the shortest path graph distance on the graph Q, defined 
by setting 

ViG) := U L-Vo 

n>0 

and edge set E{Q) equal to 

: x,y eVo, xy^y, H,...,ine{l,...,N}, n>0}. 
We also record a scaling formula for dp, which is proved in |19j . 

Lemma 24. There exists a metric dp on F , which satisfies the midpoint property, and 
moreover, there exist constants ci, 02,03,04 G (0, 00) and a G (1, c>o) such that 

cidpix, y) <\x- y\'^^ < C2dp{x, y), Vx, y e F, (24) 

where d^ := In a/ In L, and also 

C3dF{x,y) < dg{x,y) < C4dp{x,y), "^x.y eV{Q). (25) 

Finally, dp can he constructed so that 

dp{Lx, Ly) = adF{x,y), Wx,y E F. (26) 

Observe that this result implies all the conditions on {F, dp) that are required in the 
introduction, where we suppose throughout the remainder of this section that {E, dp) := 
{F, dp) and p := 0. Furthermore, it is a standard result that K has Hausdorff dimension 
InN/lnL with respect to the Euclidean metric (see [17], for example), and the same is 
true of F. We will denote by u the (In A^/ In L)-dimensional Hausdorff measure on F 
with respect to the Euclidean metric, and note that it is easy to check (by applying 
and the symmetries of the fractal) that there exist constants ci,C2 G (0, 00) such that 
Cir'^f < i>{Bp{x,r)) < C2r'^^ , for every x G -F and r > 0, where df := In A^/ In a and 
Bp{x,r) is the open ball with centre x and radius r in {F,dp). Hence z/ satisfies the 
properties required of the measure on the metric space [F, dp) in the introduction. The 
following continuity result will also be useful. 

Lemma 25. For every x E F and r > 0, v{dBp{x^r)) = 0, where dBp{x,r) := 
Bp{x, r)\Bp{x, r) . 
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Proof. We prove the corresponding result for K, the lemma then follows by rescaling. As a 
straightforward consequence of [I9j, Proposition 3.6, there exist constants ci,C2 G (0, oo) 
such that 

Cia~" < sup inf dK{x,y) < sup dK{x,y) < C2a~"' (27) 

for every G {1,...,A^}, n G N, where c/i^ := (ii^l^xx- Choose M to be an 

integer strictly greater than ln(8c2/ci)/lna. 

Let X G -F, r > and let Uq be an integer chosen to satisfy r > 2c2<y~'^°^^ ■ We 
now claim that if X„ C {1, . . . , A^}"^^ is chosen so that ('?/'ii...i„Af (-^))ii---«nMein is a cover 
for dBxix^r) and n > uq, then there exists a set X^+i C {1, . . . , A^}^"^-'^)*''^ for which 
(V'n...i(„+i)Af(^))n...i(„+i)Aiex„+i is a cover for dBK{x,r) and #X„+i < (A^^^ - 1)#X„. Let 
(ii, . . . , z„Af) G X„. Clearly, we can assume that there exists an xq G 'ilJi^,,,i^j^,j{K) such 
that xo) = r (if not, then we can discard (ii, . . . , inAf) from X„), and, by fl27|) . there 

exists an xi G tlJi^,„i^^,i{K) such that i?i^(a;i, Cia""^^) C tjji^^^^i^^{K). We have, applying 
fl7r|l and our choice of no, 

dxiXjXi) > \dKix,xo) — dK{xo,xi)\ >r — C2a~"^^ > C2a~"'^. 

Thus there exists an X2 G ipi^,,,i^j^,j{K) on the geodesic path from x to Xi that satisfies 
dxi^x, X2) = dxix, xi) — |ciq;~"*^. It immediately follows that we can find ji, . . . , jm G 
{1,...,A^} and 0:3 G i^h...i„Mh-jM{^) such that |r - dK{x,X3)\ > |cia""^^. If z G 
^n...inMii...iM(^). then 

\r-dK{x,z)\ > \r-dK{x,Xs)\-dK{x3,z) > |cia-"^^ - C2a-("+^)*^ > 0. 

In particular, this implies that 4'ii...i„Mji---jMi^) ^ dBK{x,r) = 0. The claim can easily 
be obtained from this result. 

By applying the conclusion of the previous paragraph and the scaling relation at 
(^^, an elementary argument can be applied to deduce that the Hausdorff dimension of 
dBxix^r) with respect to the Euclidean metric is no greater than ln(A^^'^ — l)/lnL^^. 
Hence, since v was defined as the In A^/ In L-dimensional Hausdorff measure on A', we 
must have that v{dBx{x,r)) = as desired. □ □ 

We will henceforth suppose that the weights on the edges in E{Q) are selected ran- 
domly from a law on (0, oo)^*^^-* which satisfies uniform boundedness and cell inde- 
pendence. By uniform boundedness, we mean that there exist deterministic constants 
Ci,C2 G (0,00) such that, P^-a.s., 

ci</if,<C2, \/{x,y}eE{g), (28) 

and define cell independence to be the property that for each n > 0, the collections 

/^fi^t/..^ (x))(L"Vh....„ (y))^ I 

are independent and have the same distribution as {lJ^%)x,y£VQ,XTty Note that we still 
require = fiy^ for every x,y E V{Q), and /if^ = if {x, y} ^ E{Q). In the next lemma 
we deduce that measure on V^(^) associated with such a family of random weights can 
be rescaled to obtain the measure u on F. 
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Lemma 26. If we denote z/" := z/^(L"-), then there exists a deterministic constant c G 
(0,00) such that, F^-a.s., the measures cN~^v^ converge to v in the vague topology on 
locally finite Borel measures on {F, dp)- 

Proof. By definition, we have that 

^"W:= E /^'r (29) 

x,y£V{g)nL"K: x£V{g)nL"K, yeV{g)\L"'K: 

{x,y}€E{g) {x,y}<^E(g) 

Applying the independence properties of {fJ'xy)x,y&Vo,x^y, the first term is equal in distribu- 
tion to Er^,.. ^h-in, where (6i...i„)n,...,i„=i are independent copies of ^ := J2x,yGVo f^xy 
It follows that, for every e > 0, 



P 



N 



N-" «..-<»- E;-? 



Thus, by applying the Borel- Cantelli lemma, we are able to deduce that, when multiplied 
by A^~", the first term of fl29l) converges to E^^, P^^-a-s. 

Under the assumption of uniform boundedness, the second term of fl29|) is bounded 
above deterministically by ci#{{a;,?/} G E{g) : x G V{g) n L^fsT, y G V{g)\L''K} for 
some constant Ci. It is straightforward to check that ^ is a graph of bounded degree (cf. 
[3], Proposition 5.21) and by combining this fact with the finite ramification property of 
K, it is possible to deduce that G E{g) : x G V{g) n L^iT, y G V{g)\L'^K} 

is bounded by a constant that is independent of n. This completes the proof that 
C2A^-"z/"(K) ^ z/(ir), P/,-a.s., where C2 := //(A^/E^^. 

Applying the self-similarity of F, the above argument is easily generalised to yield. 



P^-a.s., 



hm C2iV-V" (L-^^,,...,„^(ir)) = V (L™^V^,„„,„^(ir)) 



for every Zi, . . . , G {1, . . . , A^}, mi,m2 G N. The lemma follows from this by applying 
Theorem 2.3, for example. □ □ 

Our description of the transition density asymptotics and scaling limit of the simple 
random walk on g will be presented in terms a resistance-scaling factor A, which appears 
as an "eigenvalue" for the renormalisation map that we now introduce. For a set of non- 
negative weights {Cxy^x,y£V^,x^y whlch satisfy Cxy — Cyxj a quadratic form Sc on ffi^'^ can 
be constructed by setting 

Sc{fJ):= E Cxy{f{x)-f{y)r. 

x,yGVo,Xyty 

Replicating this form A^ times, we set 



N 



1=1 



which defines a quadratic form on Now, restrict this form to Vq using the trace 

operator, as defined by Tr(£^^| V^°)(/, /) := mi{£^{g, g) : gly^ = /}. The resulting 
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operator Tt{Sq\V^) is of the form i^A(C) for non-negative weights {A{C) xy) x,yevo ,x^y which 
satisfy A{C)xy = A{C)yx- It is known that there exists a non-degenerate fixed point to the 
map C I—)- A(C) which satisfies A(C) = X~^C, for some A > (see [3], Theorem 6.23 for 
example). In fact, A is uniquely determined, so that it is the same for any non-degenerate 
fixed point ([5], Corollary 6.20). Moreover, we can also assume that A > 1 (P], Corollary 
6.28). 

In the subsequent lemma, we summarise results for the continuous time simple random 
walk on the graph Q, its transition density (Pt {x^y))x,y€V(g),t>o and the resistance 
metric Rg determined from the corresponding Dirichlet form by the formula at ( !T^ . The 
constant dy^ is defined to be equal to \n{NX)/ In a, and df := InN/ In a, as above. 

Lemma 27. F^-a.s., there exist (random) constants Ci, C2, C3, C4, C5, Ce G (0, 00) such that 
pf(x,y)<Cit-'^//'^-exp(-cJ j j, Va;,yGn^),t>0, (30) 

P^(r^(x,r)<t)<C3exp -C4f— j J, Vx G V(e;), t, r > 0, (31) 

where T^{x,r) := mf{t > : ^ Bg(x,r)} is the exit time of the simple random walk 
Y^ from the graph ball Bg{x,r), and also 

c,dg{x,yr < Rg{x,y) < Cedg{x,yr, Vx, y G ¥(0), (32) 

where k := In A/ In a. 

Proof. For the discrete time simple random walk on the unweighted nested fractal graph Q 
(i.e. fi^y = 1 for every {x, y} G E{Q)), the parabohc Harnack inequality with exponent dw 
is known to hold (see [20], Theorem 3.1 and [21], Corollary 4.13). Hence, by [21], Theorem 
5.11, the same is true for any uniformly bounded set of weights fi^ , P^-a.s. Given this 
property, the discrete time versions of fISUl) and fl^ . as well as ([32D, are an application 
of results appearing in [9]. Similar arguments can be used to prove the corresponding 
continuous time results (alternatively, once (132|) is established, the arguments of [9] can 
be adapted to continuous time directly to yield (1301) and fl3T]) ). □ □ 

We can use this lemma to prove a P^-a.s. tightness result for the law of the continuous 
time simple random walk Y^ . Note that, for x G -F, we write gn{x) to represent the point 
in V{Q) closest to L"x. 

Lemma 28. For every compact interval I C (0, 00), x,y G F and r > 0, we have that, 
Pm-«.s., 

lim lim sup sup 

•5^0 n->cx3 s,t€l 

\s-t\<5 
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Proof. Fix a compact interval / C (0, oo), x,y & F and r,6 > 0, and write B = Bp{y, r). 
Some elementary analysis allows us to conclude that, for any r] > 0, 



sup 

s,t£l 
\s-t\<5 



P? , , (Z" G 5) - P? , , (Z" G B) 



< 2 sup Pl^^^{dp{Z:,Z^)>r^) + 2snpPl^^^{Zl^eB,\B), (33) 

0<t-s<S 

where Br^ := Bpiy^r + r]) and we denote L'^F^^^^^^ by in this proof. For the second 
term, we can apply the heat kernel bound of (I5U|) and the measure convergence of Lemma 
EBlto deduce that, P^-a.s., there exists a finite constant Ci such that, for every 77 > 

limsup2supPf^(^) (Zf G B^\B) < c^u{Br\B). 

By Lemma [251 this upper bound is less than e for suitably small rj. 

For the first term in (1551) . we apply the Markov property of and the metric ap- 
proximation result of (l25l) to obtain the existence of a (deterministic) non-zero constant 
C2 such that 

2 sup Pf^(^.)(rf^(Z;,Zn>r7) < 2 sup sup Pf (4(^, > ^^a"^) 

0<i-s<<5 

< 2 sup Pf (r^ (2, caa^r]) < (A^A)"5) , 

where t^(-, ■) is the exit time defined in Lemma 1271 Consequently, the upper bound for 
the exit time distribution at (13T1) implies that, P^-a.s., 

Iimlimsup2 sup Pf^(,) (rf^^;, Zf) > r/) = 0. 

n— >-oo s,tg7 

0<i-s<<5 

In combination with the conclusion of the previous paragraph, this completes the proof. 

□ □ 

We continue by describing how the homogenisation result of can be applied in 
our situation. Set, for / G M^", 

^;(/, /) := (34) 

N 

n,...,i„=l x,yeVo,x^y 

From this, we define A"(/i) = (A"(yu)a;y)x,2/eyo,^-7^y to satisfy £^A"(At) = Tr(£:^|K)). It is 
proved in [27], Theorem 3.4, that there exists a deterministic = {Cl^y)x,y^Vo,x^y such 
that 

lim A"A"(^) = 

where the limit is an L^-limit in the space of non-negative weights on the complete graph 
with vertex set Vq. Moreover, satisfies C!^y > for every x,y E Vq, x y, and also 
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A(C7^) = X^^C^, where A is the renormahsation map defined above. We will use the 
weights to construct the diffusion on F that arises as the scaling limit of the random 
walk as follows. First, let S^f, be a quadratic form on MY" which satisfies f lM|) with 
f^fin^. {x)){L"ip- (j/)) replaced by C^y in each summand, then define 

SK{fJ)= lim A"£:S,(/|y„,/|vJ 

n— >oo 

for / G Tk, where ■= {/ G C(ir, M) : sup„ A"^5,(/|y„, < cx)}. It is known ([3], 
[25]) that {£ki^k) is a local, regular (non-degenerate) Dirichlet form on L'^{K,i') that 
satisfies 

AT 

SKif, /) = A 5^ ^i,(/ o v-,, / o V-,), V/ e T. 
1=1 

For each n G Z, define a renormahsation operator cr„ by setting o"„(/)(a;) = f{L^x) for 
X e K and / : i^" — M, where -ft^" := L"/^. If we set J^k" '■= (^-n^K and 

£k"U^ f) ■= ^^/^(0-n(/), Cr„(/)), V/ G J'xn, 

then it is possible to define a local, regular Dirichlet form [Sp, J^p) on L'^{F, v) by setting 
£fU, f) := lim X'^SkAIIk-, fM, V/ G J^i., 

n— >oo 

where J-V' is the collection of functions / G L^(F, i/) that satisfy /|i<-n g J^k" for ev- 
ery n > and limn^oo^K"-{f\K", flx") < oo, see [12], Theorem 2.7. Finally, the as- 
sociated i^-symmetric diffusion X = {{Xt)t>o,Px,x G F) admits a transition density 
{pt{x,y))x,y£F,t>o that is jointly continuous in (t,x,y), see [19], Lemma 4.6, and satisfies 

Pt(x,y) < cit-'^f^''- exp -C2 ( -^^"7^ ) 1 ' Va;,!/ G F,t > 0, (35) 

where (ij = In N/ In a and = ln(A^A)/lnQ;, as before, and Ci,C2 are constants taking 
values in (0, oo), see [T^], Theorem 5.7. Finally, we have the following important scaling 
result for the simple random walk . 

Lemma 29 ([27], Theorem 7.3). There exists a deterministic constant c G (0, oo) such 
that, for every e > 0, x E F and bounded f G C{D{R+, F),M) , we have 



> £ = 0, 



where E? is the expectation under the continuous time simple random walk law P? 
and is the expectation under the law P^. of the Markov process X . 

Given all the above information, it is straightforward to deduce properties of the 
graph Q from which a local limit theorem for nested fractal graphs with random weights 
can be deduced. We set := L~"^Q, by which we mean that V{G"') = L~^V{Q), 
E{G^) := : {x,y} G E{g)} and = /if^„,)(^„,). 
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Proposition 30. The graphs (G")n>o satisfy the following assumptions for a{n) = a", 
/3{n) = ciN^ and 7(72) = C2{NX)^, for some deterministic constants ci, C2 G (0, 00). 
(i) Assumption 1(a), 1(b) hold. Assumption 1(c) holds P^-a.s. Furthermore, for every 
compact interval I C (0, 00), x,y E F, 

lim (sup P,^:(,) {Y^%^, G BEiy, r)) - P. (X, G BEiy, r)) > e) = 0. (36) 



(a) The continuous time version of Assumption 2 holds P^-a.s. 
(Hi) The transition density of X satisfies 

lim sup pt{x,y) = 0, lim sup sup suppt{x,y) = 0, 

^^°°x,y&F x&BF{p,R)yeF\Bp{p,r) tel 

for any compact interval I C (0, 00), R> 0. Moreover, F^-a.s., 



limlimsup sup /3(n)p . ^(x, = 0, 

,-*-oo x,y&V{G") 



and, for any compact interval I C (0, 00), R> 0, 



limlimsup sup sup sup y) = 0. 



Proof. Assumption [UJ^a) is a simple consequence of fl25l) and the scaling relation at 0261) . 
By construction, V{G^) C V{G'"'~^^) for every n > and also Un>oV{G^) is dense in 
(Fjdp), thus Assumption [U^b) holds. The measure convergence of (l2Ti) is implied by 
Lemmas [251 and [261 For the remaining claim of (i), we apply Lemma [29] to deduce that 
there exists a constant c G (0, 00) such that, for any < ti < ■ ■ ■ < tk, x,y E F, r,e > 0, 
we have 



lim P 

n— ^oo 



p , sup 

i=l,...J 



> e 



0. 



In conjunction with Lemma [251 this implies fl36p . 

The control on the resistance metric at (1321) implies that Assumption \5\ is satisfied 
P^-a.s. Hence, by the continuous time version of Proposition [T71 the continuous time 
version of Assumption 2 holds P^-a.s. To obtain (iii), we apply the heat kernel bounds 
appearing at f[30|l and f[35|l . □ □ 



This proposition allows us to obtain the following local limit theorem. 

Theorem 31. Fix Ti,R > 0. Suppose Q is a nested fractal graph with random weights 
satisfying uniform boundedness and cell independence, then there exist deterministic con- 
stants Ci, C2 G (0, 00) such that, for every e > 0, 



lim P^ I sup sup sup 

\ xeBF{p,R) yeF t>Ti 



ciN''p%^Nxrti9n{x),gn{y)) " Pt{x, y) 



> e 



0. 
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Proof. By adapting the proof of Theorem [15] to the case of random weights, using similar 
ideas to those apphed in Section [6l and considering the continuous time transition density 
in place of the discrete time transition density, it is possible to deduce from parts (i) and 
(ii) of Proposition [501 that there exist deterministic constants Ci,C2 G (0, oo) such that, 
for every compact interval I C (0, oo), R,e>0, 



lim I sup sup 

.x,yeBF{p,R) tel 



> e \ = 0. 



The theorem easily follows from this by applying the heat kernel decay conditions of 
Proposition [30l(iii) . □ □ 



Finally, we say that a collection of weights C = {Cxy)x,y£Vo,x^y is invariant if, for every 
map h which is a reflection in a hyperplane of the form H^y, x,y E Vq, the collection 
{Ch{x)h(y))x,yeVo,XTty is identical to {Cxy)x,y&VQ,x^y] and it was proved in [31] that there exists 
a unique non-degenerate invariant set of weights, C* say, such that A(C*) = \~^C* . Thus, 
if we assume that {lJ'xy)x,yeVo,x=/=y is invariant in distribution (so that {l^h{x)h{y))^>y&Vo,x^y 
is equal in distribution to {fJ'xy)x,yeVo,xj^y reflections h of the form described), then 
it follows that = C*. The resulting diffusion is known as the Brownian motion on 
the unbounded nested fractal F, and from the above local limit theorem we obtain that 
if we have a collection of random weights which are invariant in distribution, uniformly 
bounded and cell independent, then the transition densities of the associated random 
walk, when rescaled, converge in probability to the transition density of the Brownian 
motion on the unbounded nested fractal. See Section 7 of [28] for further discussion of 
invariant weights. 



7.4 Local homogenisation for tree-like Vicsek sets 

In this section, we describe a P^-a.s. version of the conclusion of the previous section in 
a special case. Continuing to apply the notation for nested fractals introduced in Section 
I7.3[ we now assume that #Vo = 4 and, moreover, if r„ is defined to be the graph with 
vertex set {{ii, . . . , in)}i[„,, i„=i and edge set 

En := {{ti,...,tn),{ji,...,3n)} : ^h...M) ^n-jM) ^ ^} , 

then r„ is a graph tree for every n G N. This class of nested fractals will be referred 
to as tree-like Vicsek sets, and the Vicsek set (see [22], Section 2, for example) is a 
particular example. The homogenisation problem for tree-like Vicsek sets was studied in 
[22] , where the tree-like nature of the graph Q induced by the above assumptions was used 
to deduce P^-a.s. homogenisation statements, rather than the probabilistic convergence 
results obtained in p7] and [28j. 

In a slight alteration of our earlier notation, for an edge e = {x,y} G E{Q), we 
now denote /if := fi^y. The assumptions we will make on the weights are the following: 
{l^e)e&E{g) are independent and identically distributed, have finite second moments and 
are bounded uniformly below, by which we mean that there exists a constant ci > such 
that /if > ci for every e G E{Q), P^-a.s. Under these assumptions, in place of Lemma 
[29l we have the following. Note that for tree-like Vicsek sets we have a = X = L. 
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Lemma 32 ([22], Corollary 1.2). There exists a deterministic constant c G (0, oo) such 
that, for every x E F we have, P^-a.s., if f E C(D(M+, F), M) is bounded, then 



Furthermore, we can verify that the continuous time versions of Assumptions 1 and 
2 hold for tree-like Vicsek sets, where we again consider = L~^Q. Note that, unlike 
the proof of Proposition ISUlfi) . we do not use any transition density estimates. 

Lemma 33. P^-a.s., the graphs (G")„>o satisfy the continuous time versions of Assump- 
tions 1 and 2 for a{n) = L", P{n) = ciN^ and 7(n) = C2{NL)'^, for some deterministic 
constants Ci, C2 G (0, oo). 

Proof. The proof that Assumptions 1(a) and 1(b) hold remains unchanged from Propo- 
sition [301 Applying the independence and finite second moments of the weights, it is 
an elementary exercise to show that the proof of Lemma [20] can be repeated to deduce 
Assumption 1(c) in this case. The continuous time version of the convergence at (|T9|) 
follows from Lemma [321 Thus Assumption 1 holds as claimed. 

Since the weights are bounded uniformly below, there exists a finite constant ci such 
that Rg" < Cidc" for every n (see [9j, Lemma 2.1); hence the continuous time version of 
Assumption 5 holds with n = 1. By the continuous time version of Proposition [T71 the 
continuous time version of Assumption 2 follows. □ □ 

This lemma allows us to apply the continuous time version of Theorem [TOl to deduce 
the subsequent local limit theorem. 

Theorem 34. Fix a compact interval I C (0, oo) and R > 0. Suppose Q is a graph 
associated with a tree-like Vicsek set equipped with random weights {fJ'e)eeE{g) that are 
independent and identically distributed, have finite second moments and are bounded uni- 
formly below, then there exist deterministic constants Ci,C2 G (0, oo) such that, P^-a.s., 



hm sup sup 

"-^•^ x,y&Bpip,R) tGl 



0. 



7.5 Local homogenisation for Sierpinski carpets 

To define generalised Sierpinski carpet graphs, we closely follow [7]. Let d > 2, Eq = [0, l]'^ 
and L G N, L > 3 be fixed. For n G Z, let 5„ be the collection of closed cubes of side 
L~" with vertices in L'^'Z'^. For A C M^, set 

Sn{A) ■.= {S: SCA, Se Sn}. 

For S G Sn, let ips be the orientation preserving affine map which maps Eq onto S. 
Now suppose that {ipi)f^i is a sequence of distinct elements of {ips)seSi and set Ei = 
^iLii^i{Eo) . We make the following assumptions on Ei. 

• (Symmetry) Ei is preserved by all the isometrics of the unit cube Eq. 
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• (Connectedness) The interior of Ei is connected, and contains a path connecting 
the hyperplanes {xi = 0} and {xi = 1}. 

• (Non-diagonahty) Let n > 1 and -B be a cube in Eq of side length 2L~" which is 
the union of 2'^ distinct elements of Sn- Then if the interior of EiCiB is non-empty, 
it is connected. 

• (Borders included) Ei contains the line segment 

{x : < Xi < 1,X2 = ■ ■ ■ = Xd = 0}. 

Note that the non-diagonality assumption stated here can be found in and differs 
from that used in [B] and [7] for the reasons explained in [sfi 

Given the maps {ipi)i^iy we can define a generalised Sierpinski carpet K to be the 
unique non-empty compact set satisfying K = U^iipii^)- As in Section [773| we denote 
the associated unbounded carpet F. With respect to the Euclidean metric, F has Haus- 
dorff dimension df = InN/lnL, and we will denote by v the (i/-dimensional Hausdorff 
measure on F. 

To define the corresponding fractal graph, first set 

oo N 

n=l ii,...,in=l 

which is the pre-carpet (see [30]). Each cube in So{P) has a unique vertex closest to the 
origin in M'^, let V{Q) be the collection of such vertices; in [7j, vertices were chosen to be 
cube centres, our choice means that L~^V{Q) C F for every n. Define E{Q) to be the 
collection of pairs {x,y} of elements of V{Q) with \x — y\ = 1. The graph of interest in 
this section will then be ^ = {y{Q),E{Q)). 

Let us now introduce a geodesic metric dp on F. Note that the following result was 
essentially proved in [13] for the "standard" Sierpinski carpet in R^. As in Section [7]3l 
for X G -F, we write gn{x) to represent the point in V{Q) closest to 

Lemma 35. For x,y G F, the quantity 

dpix^y) := lim L~"-dg{gn{x),gn{y)) 

n— >oo 

is well-defined. Moreover dp is a geodesic metric on F satisfying dplLx, Lx) = Ldpix, y) 
for every x,y & F, and there exists a finite constant c such that 

\x — y\ < dF{x,y) < c\x — y\, Wx,y G F. 

Finally, dp agrees with dg on V{Q). 

Proof. The proof that dp is well-defined geodesic metric is similar to Theorem 
3.5, and is omitted. The remaining claims are straightforward consequences of the self- 
similarity and "borders included" property of generalised Sierpinski carpets. □ □ 

^We thank the anonymous referee for drawing this issue to our attention. 
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As consequence of this result, if we take {E,dE) = {F^dp)-, p = and u as above, 
then the properties required on the metric spaces and measure in the introduction are 
satisfied. We can also verify that Assumptions 1(a), 1(b) and 1(c) hold P^-a.s. when, 
as in Section 17.3^ we set := L~^Q and assume that (using the notation of Section 
I7.4p the weights {fJ^e)e€E(g) are independent, identically-distributed and satisfy uniform 
boundedness (as at fl28l)'). 



Proposition 36. F^-a.s., the graphs (G'"')„>o satisfy Assumptions 1(a), 1(h) and 1(c) 
for a{n) = L" and P{n) = ciN"^ , for some deterministic constant ci G (0, oo). 

Proof. Assumptions 1(a) and 1(b) readily follow from the above lemma. To prove As- 
sumption 1(c), we start by demonstrating that N^v^ {L^K) converges to a deterministic 
constant C2 G (0, 00), P^-a.s., where K := {x & K : Xj 7^ 1 for any i = 1, . . . , d}. Let e„ 
equal the number of edges of Q that have both end-points in L^K, and represent the 
number of edges that have exactly one end in L^K, then we have 

Cn+i = Ncn + eicr'', = rfa", 

for every n > 1, where a is the number of cubes in Si{Eq) that lie on a single face of Eq. 
In particular, a < N, and so iV~"e^ — )• and N~"'en — )■ C3, for some constant C3 G (0, 00). 
Applying the same argument as in the proof of Lemma it follows that N^i/^ [L^K) 
converges as desired. Continuing to imitate the proof of Lemma [2^1 we can extend this 
to the result that, P^-a.s., 

C4Ar"z/^(L"-) ^ z/ (37) 

in the vague topology on (Fjdp)- Finally, it is possible to check that v^dBp^Xjr)) = 
for any x G -F and r > 0, exactly as in Lemma [251 Hence Assumption 1(c) does indeed 
hold. □ □ 

We continue by considering the continuous time simple random walk on Q, which 
satisfies the following properties. 

Lemma 37. There exists a deterministic constant dyj > 2 such that, P^-a.s., the transi- 
tion density pP of satisfies '^''^d the associated exit time satisfies (E2P for some 
constants Ci, C2, C3, C4 G (0, 00). Furthermore, there F^-a.s. exist constants C5, Cg G (0, 00) 
such that 

f,{x,y) > ct-'^f/'-exp i-ce 1 , Vx,y G V{g),t> dg{x,y). (38) 



Proof. In the unweighted case (/xf^ = 1 for every {x,y} G E{Q)), the transition density 
bounds of fl5U]l and (1551) are [7], Theorem 7.1. The exit time bound of fl^ can be proved 
in a similar way to J7j, Theorem 5.5. The results for the random case follow from these 
results using a rough isometry argument (for example, apply [20j, Theorem 3.1, and ^21j . 
Theorem 5.11). □ □ 

The continuous time version of the tightness condition of Assumption 2 is an easy 
consequence of this result. 
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Proposition 38. P^-a.s., the graphs (G'")„>o satisfy the continuous time version of As- 
sumption 2fora{n), /3{n) as in Proposition\3R and 'y(n) = C2L'^™", for some deterministic 
constant 02 G (0, 00). 

Proof. The heat kernel bounds of fl3UI) and (155]) imply that the continuous time version 
of the parabolic Harnack inequality with exponent holds for Q (see [2D], Theorem 3.1, 
for the analogous discrete time result), and it follows that the continuous time version 
of Assumption 4 holds with k = dw We can then apply the continuous time version of 
Proposition [7] to deduce the proposition. □ □ 

Unfortunately, for generalised Sierpinski carpets, a weak convergence result for 
has not yet been proved, even in the case of deterministic weights. However, the heat 
kernel bounds for the simple random walk do imply that if P^ is the law of (L~'^Y^^^^^)t>o 

under P^, considered as a probability measure on -D([0, 1], F), then the sequence (P^)„>o 
is tight. Consequently, it holds that (P^)„>o admits a convergent subsequence, and we 
will later show that for any convergent subsequence there is a corresponding local limit 
theorem. 

Lemma 39. F^-a.s., the sequence (Pp„>o is tight in D(]R_|_,F) and, moreover, ifPp is 
a limit point of (P;j)„>o, then Pp(C(M+, F)) = l. 

Proof. Let t > and e > 0, then fl31l) implies that, P^-a.s., 



limlimsup(5 ^P^ sup 



■y(n)s 7(")t 



> e 



The lemma follows (cf. Theorem 7.3 and the corollary to Theorem 7.4 in [H]). □ □ 

In view of this result and Propositions [36] and |38l to apply Theorem [1] to deduce local 
limit theorems along convergent subsequences of (P^)„>o, it suffices to show that any 
limit point, Pp say, admits a family of transition densities {qt{x))xeF,t>o that is jointly 
continuous in {t,x). To prove that this is the case, we first extend Proposition [551 We 
write p"(a;, =pf"{x,y) and = pf" {p,x). 

Lemma 40. P^-a.s., for any compact interval I C (0, 00) and r > 0, 

limlimsup sup sup /3{n) |g"(„),(a;) - = 0. 

0— ^■O n^oo x,y£BQn{p,a{n)r): s,ter. 

dQn{x,y)<a{n)5 \s—t\<5 



Proof. Given Proposition [551 it is enough to demonstrate that P^-a.s. for any compact 
interval / C (0, 00) and r > 0, 

limlimsup sup sup /3(n) - | = 0. (39) 

o-^-O n->oo xeBQn(p,oi{n)r) s,t^I: 

\s-t\<5 

The following argument holds P„-a.s. We can write, for s < t, 



^(n) \q^(n)six) - Q^(n)t{x)\ < /3{n) j |g"(„),(x) - q[:^^^),{y)\p'^^^-)^t_^){y,x)v''{dy), 
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where u"^ := i/*^". Now, for ?7 > 0, 
liinlimsup sup sup / |g"(„)s(a;) (z/) | 

n^oo x&Ban{p,a(n)r) s,ter. J Bp{x,r]) 

\s-t\<5 



^Pj{n){t-s)iy,x)i'''idy) 



< limsup sup sup sup/3(n) |g!;(„),(x) -g"(„),(y)| . 

n-^oo xeBQn(p,a(n)r) y£Bp{x,r)) sel 

For any given e > 0, by Proposition we can make this upper bound smaller than e by 
choosing t] small enough. Fixing such an t], we also have 



lim limsup sup sup / \Q^{n)six) - Q'^{n)siy)\ 

'>^^ n-i>oo xeBcn{p.a{rt)r) s,tel: J F\BF{x,r)) 

\s~t\<5 

^Pj{n)(t-s){y,x)iy''{dy), 



< limlimsup sup sup 2/3(n)g"(„)^(a;) ) sup {t{x, a{n)ri) < 'y{n)6) 
= 0, 

where we apply the bounds of Lemma [37] to deduce the final equality. The limit result 
at dSni) follows. □ □ 

Lemma 41. F^-a.s., ifPp is a limit point of the sequence {P^)n>o, then Pp admits a 
family of transition densities {qt{x))x&F,t>o that is jointly continuous in {t,x). 

Proof. In this proof, which holds P^-a.s., we fix a subsequence (ni)i>o so that (Pj^')j>o 
converges, and let Pp be the corresponding limit point. Applying Lemmas |35] and SHI it 
is elementary to define, for every n > 0, a jointly continuous function {f"'(t,x))x£F,t>o, 
such that f"'{t,x) = for every x G V{G"'), t > 0, in such a way that the 

sequence (/"')n>o is tight in C{I x BF{p,r),'R) for any compact interval / C (0, oo) and 
r > 0. 

Fix a compact interval / C (0, oo) and choose r large enough so that K = Eq Ci F is 
contained inside Bp{p,r). By the conclusion of the previous paragraph, it is possible to 
choose a subsequence {ni.)j>o and jointly continuous f^'^ = {f^'^(t,x))^i^-Q^(^pj.^^^j such 
that f^'"^ is the uniform limit of (/"'■' )i>o on / x Bp{p,r). Now, suppose S G SniEo), for 
some n > 0, and write A = S Cl F. If we define := {x E F : dp{x, A) < £:}, then A^ is 
an open subset of F, and consequently (see [TT], Theorem 2.1, for example), for t > 0, 

liminf P;'^(X, G A,) > Pp(Xi G A,). 

j->-co 

Moreover, by the definitions of (/")n>o and f^'^, if t G /, 

lim inf Pp'^' (Xi G A,) < limsup /" /"'^ (t, a;)/3(n. (rfx) < [ /^'"(t, x)z/(c/x), 

where A^ is the closure of A^ and we also apply the measure convergence of (137|) . Letting 
£ — >■ 0, we obtain f^f^'^{t,x)h'{dx) > Pp(X( G A). Similarly, by first considering := 
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{x & A : dF{x,dA) > e}, we are able to prove that the opposite inequahty is also true. 
An elementary a-algebra argument ([23], Lemma 1.17, for example) allows this result to 
be extended to show that 

[ f^'it,xMdx)=P,{XteA), (40) 

J A 

for every measurable A ^ K, t & I. Noting that i^iA) > for every open set A, it follows 
that the choice of subsequence is unimportant and f^'"^ is actually the uniform limit of 
{f^')i>o in the region I x K. Repeating the same argument on an increasing sequence of 
space-time regions, we can extend the definition of /^''" to deduce the existence of a jointly 
continuous function / = f(t,x)xeF,t>o that is the point-wise limit of (/"*)i>o everywhere 
in (0, oo) X F, with the limit being uniform on compacts, and, moreover, ( HOj) holds with 
ji,r Yeplaced by / for any measurable A O F and t > 0. □ □ 

We now can state the main conclusion of this section, which is an application of 
Theorem [TJ Note that the heat kernel bounds of (130|) and (138|) imply that the densities 
defined in the previous lemma satisfy qt{x) ^ for every x & F and t > 0, so the limit is 
non-trivial. 

Theorem 42. For F^-a.e. realisation of a Sierpinski carpet graph Q with independent 
and identically- distributed edge-weights that satisfy uniform boundedness: if we fix a com- 
pact interval I C (0, oo) and r > 0, suppose that (P^')j>o converges, and let Pp and 
{<lt{x))x&F,t>o represent the corresponding limit point and family of transition densities, 
then 



lim sup sup 

x,y&BF{p,R) t&I 



'C2 



0. 



Finally, note that if (a subsequence of) (Pp„>o was shown to converge to the Brownian 
motion on the Sierpinski carpet, as constructed in [B] (see [4j for the two-dimensional 
case), then the transition density estimates of Lemma [37] and [6], Theorem 1.3, (cf. 

Theorem 1.1), would enable us to apply Theorem [2] to extend the above result to 
unbounded regions of time and space. 
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